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On generalized quadrangles with a point regular group of
automorphisms
Eric Swartz
ABSTRACT. A generalized quadrangle is a point-line incidence geometry such that any two
points lie on at most one line and, given a line ℓ and a point P not incident with ℓ, there is a
unique point of ℓ collinear with P . We study the structure of groups acting regularly on the point
set of a generalized quadrangle. In particular, we provide a characterization of the generalized
quadrangles with a group of automorphisms acting regularly on both the point set and the line set
and show that such a thick generalized quadrangle does not admit a polarity. Moreover, we prove
that a groupG acting regularly on the point set of a generalized quadrangle of order (u2, u3) or
(s, s), where s is odd and s + 1 is coprime to 3, cannot have any nonabelian minimal normal
subgroups.
1. Introduction
A finite generalized quadrangle is an incidence geometry consisting of a finite set P of
points and a finite set L of lines such that, if P ∈ P and ℓ ∈ L such that P is not incident
with ℓ, then there is a unique point on ℓ collinear with P . If every point is incident with at least
three lines and every line is incident with at least three points, then the generalized quadrangle
is said to be thick. From this definition, one can show that in a thick generalized quadrangle any
point is incident with the same number of lines and any line is incident with the same number
of points. A generalized quadrangle where every point is incident with exactly t + 1 lines and
any line is incident with exactly s + 1 points, where s and t are fixed positive integers, is said
to have order (s, t). For further basic properties of generalized quadrangles, see [13].
A group G is said to act regularly on a set Ω if G is transitive on Ω and, for all ω ∈ Ω, the
stabilizer Gω of ω in G is trivial. When a group G acts regularly on a set Ω, there is a natural
identification of elements ofGwith elements ofΩ: if we choose a distinguished element ω ∈ Ω,
then we may identify ω with the identity 1 ∈ G, and, if α ∈ Ω, we may identify α with the
unique element g ∈ G such that ωg = α.
There has been substantial interest in generalized quadrangles with a group of automor-
phisms G acting regularly on the point set P , and we briefly summarize here the current state
of knowledge. Such generalized quadrangles were first studied in [8], where techniques from
the study of difference sets of groups are used to show that, if Q is a generalized quadrangle
of order (s, t), where s = t and s is even, and G acts regularly on the point set of Q, then G
has trivial center, G is not a Frobenius group, and s2 + 1 is not squarefree. These techniques
were pushed even further in [17], where it is shown that a generalized quadrangle with s = t2
cannot have a group of automorphisms that acts regularly on points. In [4], it is shown that
if Q is a thick finite generalized quadrangle of order (s, t) admitting an abelian automorphism
group that acts regularly on points, then Q is isomorphic to a generalized quadrangle T ∗2 (O)
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arising from a generalized hyperoval, and the group acting on Q is elementary abelian of order
23n for some natural number n. (For further background information and descriptions of the
generalized quadrangles referred to in this paragraph, the curious reader is again directed to
[13].) In [5], it is shown that if a Heisenberg group of order q3, where q is odd, acts regularly
on the point set of Q, then Q is a Payne-derived generalized quadrangle of a thick elation
generalized quadrangle having a regular point. (A regular point of a generalized quadrangle
is defined combinatorially and has no relation to a regular group action.) It was shown in [2]
that the only classical generalized quadrangles with a point-regular group of automorphisms are
Q(5, 2) and Q(5, 8), and the authors showed that the Payne-derived generalized quadrangles of
order (q − 1, q + 1) obtained from the symplectic generalized quadrangle W (q), where q is a
prime power but not prime, can actually have several distinct groups of automorphisms acting
regularly on the point set, showing that the class of such groups is much more varied than pre-
viously thought. Finally, the study of groups acting regularly on the point set of generalized
quadrangles figures prominently in the study of skew-translation generalized quadrangles; see
[9] and the subsequent work in [3].
The purpose of this paper is to study further the structure of such generalized quadrangles
and the groups that act regularly on their point sets. A first step in the study of a generalized
quadrangle Q with a point regular group G of automorphisms is to consider the action of G on
the lines ofQ. One possibility of interest is that G also acts regularly on lines, since, otherwise,
some elements in the group acting regularly on the point set must fix a line, and one can proceed
with an analysis of line stabilizers. In the case when G also acts regularly on lines, we have
s = t, in which case we say that Q has order s (see Lemma 2.2 (i)). The only known example
of a generalized quadrangle with a group of automorphisms acting regularly on both points and
lines is the unique thin generalized quadrangle of order (1, 1), and it is not difficult to show that
s would have to be even in any other examples (see Section 3).
We are able to characterize further the groups that act regularly on both the point set and the
line set of a generalized quadrangle. To that end, we have the following result, which follows
immediately from Propositions 3.1 and 3.2.
THEOREM 1.1. The group G acts regularly on both the point set and the line set of a gen-
eralized quadrangleQ of order s if and only if G contains a subset Σ = {g0 = 1, g1, g2, ..., gs}
satisfying the following two conditions:
(AX1) If g ∈ G\Σ, then there exist unique integers i, j, k (with i 6= j and k 6= j) such that
g = gig
−1
j gk.
(AX2) If gig
−1
j gk ∈ Σ, then either i = j or j = k.
Since there is a natural identification of G with both the point set and the line set in this
case, it is natural to think that Q should have a polarity θ; that is, an order two isomorphism
fromQ to the dual generalized quadrangleQ′, which has point set L and line set P . In fact, the
following result shows that such a thick generalized quadrangle cannot have a polarity.
THEOREM 1.2. A generalized quadrangle Q of order s > 1 that has a group of automor-
phisms acting regularly on both the point set and line set cannot admit a polarity.
On the other hand, the cyclic group of order 4 satisfies the conditions listed in Theorem 1.1
(see Observation 3.3). This begs the question of whether there exist any groups of order greater
than 4 satisfying the conditions in Theorem 1.1. Toward that end, we prove the following
theorem, which places severe restrictions on the order of such a generalized quadrangle and
the group acting regularly on its point set and line set. (For information on the group theoretic
notation used in the statement of Theorem 1.3, see Subsection 2.1.)
THEOREM 1.3. Let the group G act regularly on both the point set and the line set of a
thick generalized quadrangle of order s. Then, G is solvable, s + 1 is coprime to both 2 and 3,
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and s2 + 1 is not squarefree. Moreover, there exists a unique prime p dividing s2 + 1 such that
F (G) = Op(G) and the following conditions are satisfied:
(1) F (G) is not cyclic;
(2) |F (G)| > 2s+ 3;
(3) If pn is the highest power of p dividing |G|, then |G| divides pn ·∏n−1k=0(pn−k − 1).
We are able to use Theorem 1.3 to show that, ifG acts regularly on the point set and the line
set of a thick generalized quadrangle of order s, then s > 108 and |G| > 1024 + 1016 + 108 + 1
(see Proposition 3.8). Ghinelli [8] conjectures that no generalized quadrangle of order s, when
s is even, has a group of automorphisms acting regularly on points. Based on Theorem 1.2 and
the numerical evidence, we make a more modest conjecture.
CONJECTURE 1.4. A generalized quadrangle Q of order s > 1 cannot have a group of
automorphisms acting regularly on both the point set and the line set.
In this paper, we also study the structure of groups that could act regularly on the point set
of a generalized quadrangle, leading to the following result.
THEOREM 1.5. Let Q be a generalized quadrangle of order (u2, u3) or (s, s), where u > 1
and s is odd with s + 1 coprime to 3. If a group G acts regularly on the point set of Q, then G
does not have any nonabelian minimal normal subgroups.
It should be noted that Theorem 1.5 refines part of a result of Yoshiara (see Lemma 2.4
(iv)) and is an immediate consequence of Theorems 4.8 and 5.4, which consider, respectively,
the generalized quadrangles of order s and the generalized quadrangles of order (u2, u3). It is
natural to ask about these orders in particular, since there exist infinite families of these orders;
see [13, Chapter 3]
This paper is organized as follows. Section 2 contains background information and sets the
stage for the results proved later in this paper. In Section 3, we prove Theorems 1.1, 1.2 and
1.3. In Section 4 we study the properties of a group G that acts regularly on the point set of a
generalized quadrangle of order s, where s is odd and s+ 1 is coprime to 3. Finally, in Section
5 we study the properties of a group G that acts regularly on the point set of a generalized
quadrangle of order (u2, u3), where u > 1.
2. Background
2.1. Group theory. We begin with group theoretic terminology and notation. In a finite
group G, the Fitting subgroup is the largest normal nilpotent subgroup of G and is denoted
F (G). Given a prime p, the p-core Op(G) of G is the largest normal p-subgroup of G. The
Fitting subgroup is also the product of the p-cores of G for all primes p dividing |G|. A qua-
sisimple group is a perfect central extension of a simple group, and a component of a group is
a subnormal quasisimple group. The layer E(G) of a group G is the subgroup generated by all
components. The generalized Fitting subgroup F ∗(G) is the subgroup generated by the Fitting
subgroup and the layer. In a solvable group, the generalized Fitting subgroup is the same as the
Fitting subgroup. Each of the Fitting subgroup and the generalized Fitting subgroup contains
its own centralizer. For more information regarding these concepts, see [1].
We introduce now basic information about the Suzuki groups, an infinite family of finite
simple groups figuring prominently in later sections of this paper, since they are the only finite
simple groups whose orders are coprime to 3 [10, Chapter II, Corollary 7.3]. The following
omnibus lemma contains results about the Suzuki groups Sz(q), where q = 22m+1 for some
natural numberm.
LEMMA 2.1. Let m be a natural number, q = 22m+1, and G = Sz(q).
4 ERIC SWARTZ
(i) [14, Theorem 7] |G| = q2(q − 1)(q2 + 1).
(ii) [12, Theorem 3.6] 3 does not divide |G|.
(iii) [12, Theorem 3.9] If p is an odd prime, then the Sylow p-subgroups of G are cyclic.
(iv) [16, Theorem 4.1] The maximal subgroups ofG are isomorphic to one of the following:
(a) NG(Q), where Q is a Sylow 2-subgroup of G and |NG(Q)| = q2(q − 1);
(b) Dq−1, a dihedral group of order 2(q − 1);
(c) Cq+√2q+1 : C4;
(d) Cq−√2q+1 : C4;
(e) Sz(q0), where q = q
r
0 for some natural number r and q0 > 2.
(v) The order of the smallest centralizer of an element in G is q − √2q + 1, and the size
of the largest conjugacy class is q2(q − 1)(q +√2q + 1).
(vi) [6, 2.2.5] The order of the centralizer of an element of order 4 in G is 2q.
(vii) [16, Section 4.2.4] G has trivial Schur multiplier unless m = 1, in which case the
Schur multiplier is elementary abelian of order 4.
(viii) [14, Theorem 11] The outer automorphism group of G is isomorphic to the Galois
group of GF(q) and is a cyclic group of order 2m+ 1.
Note that Lemma 2.1 (v) follows from examination of the subgroups listed in Lemma 2.1
(iv) and noting that a Sylow 2-subgroup Q of G has a center of size q. For more about these
groups, the reader is referred to the original work of Suzuki [14] or the more recent collection
of results in [15, Section 3].
2.2. Generalized quadrangles. We now discuss some results about generalized quadran-
gles. Let Q be a finite generalized quadrangle with point set P , line set L, and order (s, t).
Given P,Q ∈ P , the notation P ∼ Q indicates that P and Q are distinct collinear points. The
following lemma concerns the parameters s and t.
LEMMA 2.2. [13, 1.2.1, 1.2.2, 1.2.3] The following hold:
(i) |P| = (s+ 1)(st+ 1) and |L| = (t+ 1)(st+ 1);
(ii) s+ t divides st(s+ 1)(t+ 1);
(iii) t 6 s2 and s 6 t2.
The first paper to consider a group G acting regularly on the point set P of a generalized
quadrangle Q was [8]. Note that, if a group G acts regularly on the point set of a generalized
quadrangle of order s, where s is even, then |G| = (s+ 1)(s2 + 1) is odd, and so G is solvable.
The following lemma collects various results proved by Ghinelli that will be useful later.
LEMMA 2.3. [8, Theorem 3.5, Theorem 4.2, Theorem 4.3, Theorem 4.6] Let G be an auto-
morphism group acting regularly on the point set of a generalized quadrangle of order s. Then
the following hold:
(i) IfN is an elementary abelian normal p-subgroup of G, p 6= 2, then |N | divides s2+1.
In particular, if p > 2 and Op(G) > 1, then p divides s
2 + 1.
(ii) If s is even, then G is solvable, F (G) is a p-group with |F (G)| > s + 1, and F (G) is
not cyclic.
(iii) If s is even, then Z(G) is trivial and s2 + 1 is not squarefree.
Yoshiara was able to generalize many of the results of Ghinelli in [17]. The following
lemma collects various results proved by Yoshiara that will be useful later in this paper.
LEMMA 2.4. [17, Lemma 4, Lemma 6, Lemma 7, Theorem 8, Lemma 9, Lemma 10] Let
G be a group that acts regularly on the point set of a generalized quadrangle of order (s, t).
Assume that gcd(s, t) > 1, and let P be a distinguished point of the generalized quadrangle.
Define ∆ := {g ∈ G : P g ∼ P} ∪ {1}, and let ∆c denote the complement of∆ in G.
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(i) If H 6 G and H is contained entirely in ∆, then there is a unique line ℓ through P
such that H 6 Gℓ.
(ii) If x is a nontrivial element of G and xG denotes the conjugacy class of x in G, then
xG ∩∆ 6= ∅ and |xG ∩∆c| is a multiple of gcd(s, t) (possibly equal to 0).
(iii) If p = 2, 3, then the following are equivalent:
(a) |G| is divisible by p.
(b) There is an element of order p fixing a line through P .
(c) s+ 1 is divisible by p.
(iv) If s+ 1 is coprime to 3 and G has a nonabelian minimal normal subgroupN , then N
is the internal direct product S1S2 . . . Sm and each Si ∼= Sz(q) for a fixed q = 22e+1.
(v) If N is a nontrivial normal subgroup of G such thatN is entirely contained in∆, then
|N | divides gcd(s+ 1, t2 − t).
(vi) If the conjugacy class xG of a nontrivial element x ∈ G is contained entirely in ∆,
then |x| divides s+ 1.
The following lemma is extremely useful and is used repeatedly in later sections.
LEMMA 2.5. Let G be a group that acts regularly on the point set of a generalized quad-
rangle of order (s, t). Assume that gcd(s, t) > 1, and let P be a distinguished point of the
generalized quadrangle. Define ∆ := {g ∈ G : P g ∼ P} ∪ {1}, and let ∆c denote the
complement of∆ in G. For any x ∈ G, if xG ∩∆c 6= ∅, then |xG| > gcd(s, t) + 1.
PROOF. Assume that G and x are as in the statement of the lemma. By Lemma 2.4 (ii),
|xG ∩ ∆| > 1 and |xG ∩ ∆c| ≡ 0 (mod gcd(s, t)). Since |xG ∩ ∆c| > 0 by assumption, the
result follows. 
3. Generalized quadrangles with a group of automorphisms acting regularly on both
points and lines
Throughout this section, we will assume that Q is a generalized quadrangle of order (s, t)
with a group of automorphisms G that acts regularly on both the point set P and the line set L.
This immediately implies that s = t and |G| = (s+ 1)(s2 + 1).
We now prove two propositions that characterize the generalized quadrangles with a group
that acts regularly on both points and lines.
PROPOSITION 3.1. Let Σ = {g0 = 1, g1, g2, ..., gs} be a subset of a group G satisfying the
following:
(AX1) If g ∈ G\Σ, then there exist unique integers i, j, k (with i 6= j and k 6= j) such that
g = gig
−1
j gk.
(AX2) If gig
−1
j gk ∈ Σ, then either i = j or j = k.
Then there exists a generalized quadrangleQ such thatQ has order s and G acts regularly on
both the point set P and the line set L ofQ.
PROOF. First, there are precisely s+ 1 elements in Σ, and gig
−1
j gk ∈ Σ only when i = j or
j = k by (AX2). Moreover, the manner in which g ∈ G\Σ can be written as a product gig−1j gk
is unique by (AX1). This implies that there are s2(s+1) elements inG\Σ, since there are (s+1)
choices for j and s choices for each of i and k, and so |G| = (s+1)+s2(s+1) = (s+1)(s2+1).
We define the point set P to be the elements of the group G (where the point associated
with the group element g will be denoted Pg), and we define the line set L to be the sets Σh,
where h ∈ G (we denote the line associated with the set Σh by ℓh). Finally, the point Px will
be incident with the line ℓy if and only if xy
−1 ∈ Σ.
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For any g ∈ G, note that the point Px is incident with the line ℓy if and only if (xg)(yg)−1 =
xy−1 ∈ Σ if and only if Pxg is incident with ℓyg. Hence each g ∈ G acts as a collineation of the
putative generalized quadrangle Q, and this action is regular on both points and lines.
Since |Σ| = s + 1, each line contains s + 1 points. Moreover, if a point Px is on a line ℓy,
then xy−1 ∈ Σ. For a fixed x ∈ G, there are exactly s+ 1 elements y of G such that xy−1 ∈ Σ,
so each point is on exactly s+ 1 lines.
Let Px and Py be distinct points of Q, and assume that both points are on the lines ℓg and
ℓh. This means that there exist integers i, j,m, n such that x = gih = gmg and y = gjh = gng.
Thus xy−1 = gig
−1
j = gmg
−1
n , which implies that gi = gmg
−1
n gj ∈ Σ. By (AX2), this means
that either gn = gm or gn = gj . If gn = gm, then y = gng = gmg = x, a contradiction to
distinctness. Thus gn = gj , which implies that g = h. Therefore, distinct points are incident
with at most one line.
Let ℓx and ℓy be distinct lines ofQ and assume that they intersect in at least one point. This
means that gix = gjy for some 0 6 i, j 6 s, and furthermore xy
−1 = g−1i gj . Assume first that
xy−1 /∈ Σ. This means that xy−1 = g0g−1i gj , and by (AX1), i and j are unique. In this case,
the lines ℓx and ℓy meet in exactly one point. Assume now that xy
−1 ∈ Σ. The lines ℓx and ℓy
are distinct, so xy−1 6= 1 = g0. Thus xy−1 = gj for some j > 0, and x = gjy. Note that the
size of the intersection of Σgjy and Σy is the same as the size of the intersection of Σgj and Σ.
Suppose that gi and gk are such that gigj = gk. Then gj = g
−1
i gk = g0g
−1
i gk. By (AX2), either
gi = 1 or gi = gk. If gi = 1, then gk = gj , and the two lines intersect in a unique point. If
gi = gk, then gj = 1, a contradiction to the distinctness of the lines. In any case, two distinct
lines are mutually incident with at most one point.
Let Px be a point that is not incident with the line ℓy. This is equivalent to xy
−1 /∈ Σ.
By (AX1), there exist unique i, j, k such that xy−1 = gig
−1
j gk, i.e., there exists a unique i
such that Σy ∩ Σg−1i x is nonempty. Note that the lines through the point P1 are precisely the
lines ℓg−1i
; hence the lines through Px are precisely the lines ℓg−1i x
. Hence there is a unique
line ℓg−1i x
through Px such that ℓg−1i x
and ℓy are incident with a common point. Therefore, Q
is a generalized quadrangle such that G acts regularly on both the points and lines of Q, as
desired. 
PROPOSITION 3.2. Let G be a group that acts regularly on both the point set P and the line
set L of a finite generalized quadrangle Q of order s. Then there exists a subset Σ of elements
of G satisfying (AX1) and (AX2) of Proposition 3.1.
PROOF. Assume that such a generalized quadrangle Q exists. Fix a point P1 ∈ P and
identify it with the identity element 1 ∈ G. SinceG acts regularly onP , for each x ∈ G, we may
define Px := P
x
1 . Let ℓ be a line incident with P1, define Σ := {g ∈ G : Pg is incident with ℓ},
and label the points of Σ such that Σ = {g0 = 1, g1, ..., gs}. Note that G acts regularly on the
lines of Q, so we may identify the lines of Q with the sets of elements of the form Σh, where
h ∈ G. Without a loss of generality we may denote the line Σh by ℓh, and so the line ℓ is
identified as ℓ1.
Assume first that g /∈ Σ. This means that Pg is not incident with ℓ1. SinceQ is a generalized
quadrangle, there exists a unique point Pgk on ℓ1 such that Pg is collinear with Pgk . SinceG acts
regularly on both points and lines, P1 is incident with precisely the lines ℓg−1j , 0 6 j 6 s, which
implies that the lines incident with Pgk are of the form ℓg−1j gk . The point Pg is on a unique line
of that form, and so g may be written uniquely as g = gig
−1
j gk, and Σ satisfies (AX1).
Now suppose that the product gig
−1
j gk ∈ Σ, and assume that i 6= j. Since Pgig−1j gk is
incident with ℓ1, we have that Pgig−1j is incident with line ℓg
−1
k
. Since i 6= j, gig−1j 6= 1, so Pgig−1j
is distinct from P1 but collinear with P1. On the other hand, Pgig−1j is also on line ℓg
−1
j
, which
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is also incident with P1. Since two points are incident with at most one line, we conclude that
ℓg−1j
= ℓg−1
k
. Therefore, j = k, and Σ satisfies (AX2), as desired. 
We can now prove Theorem 1.1.
PROOF OF THEOREM 1.1. This follows immediately from Propositions 3.1 and 3.2. 
OBSERVATION 3.3. The cyclic group C4 satisfies the conditions of Proposition 3.1.
Indeed, if C4 = 〈x〉, then the set Σ = {1, x} satisfies all three conditions, and hence
the unique thin generalized quadrangle of order (1, 1) has a group of automorphisms that acts
regularly on both its point set and its line set.
Henceforth in this section, we fix a point P ∈ P , and we define ∆ := {g ∈ G : P g ∼
P} ∪ {1}.
LEMMA 3.4. If s > 1, then |G| is coprime to both 2 and 3.
PROOF. This follows directly from Lemma 2.4 (iii). 
LEMMA 3.5. If s > 1, then G is solvable and F (G) = Op(G), where p is an odd prime
dividing s2 + 1.
PROOF. This follows immediately from Lemma 3.4 and Lemma 2.3 (iii). 
LEMMA 3.6. If s > 1 and F (G) = Op(G), then |Op(G)| > 2s+ 3.
PROOF. Let 1 6= x ∈ Op(G). Suppose that x is conjugate in G to x−1. Then there exists
g ∈ G such that xg = x−1, and so xg2 = x. Since |G| has odd order by Lemma 3.4, g has odd
order, and there is some n ∈ N such that g = (g2)n, which means that g centralizes x. However,
this means that x = x−1, and x must have order dividing 2, a contradiction. Hence x and x−1
cannot be conjugate in G, and Op(G) has at least three conjugacy classes: 1
G, xG, and (x−1)G.
By Lemma 2.4 (vi) we know that neither xG nor (x−1)G is contained entirely in ∆. There-
fore, by Lemma 2.5,
|Op(G)| > |1G|+ |xG|+ |(x−1)G| > 1 + (s+ 1) + (s+ 1) = 2s+ 3,
as desired. 
We are now ready to prove Theorem 1.2.
PROOF OF THEOREM 1.2. Assume that Q has a polarity. By [13, 1.8.2], 2s is a square,
which means that s2 + 1 factors into (s +
√
2s + 1)(s − √2s + 1). By Lemmas 3.5 and 3.6,
there exists a normal subgroupOp(G) of order p
d > 2s+3, where p divides s2+1. We already
know that p is odd by Lemma 3.4, and, since p divides s2 + 1, p is coprime to s, which implies
that pd divides either s +
√
2s + 1 or s − √2s + 1, but not both. However, for any s > 1,
s − √2s + 1 < s +√2s + 1 < 2s + 3 6 pd, a contradiction. Therefore, Q does not admit a
polarity. 
Note that Theorem 1.2 implies that the regular action ofG on the set of points is necessarily
different than the action of G on the set of lines, in the sense that the set ∆ defined above must
be distinct from ∆L, where for some fixed line ℓ incident with the fixed point P ,
∆L := {g ∈ G : ℓg is distinct from and concurrent with ℓ} ∪ {1}.
This begs the question of whether a group can possibly act regularly on both the point
set or the line set of a thick generalized quadrangle. Toward that end, we have the following
proposition, which is the last piece before we can prove Theorem 1.3.
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PROPOSITION 3.7. LetG act regularly on both the point set and the line set of a generalized
quadrangle of order s. If p is the unique odd prime dividing s2+1 such that F ∗(G) = F (G) =
Op(G) and p
n is the highest power of p dividing |G|, then |G| divides pn ·∏n−1k=0(pn−k − 1).
PROOF. We note thatG is solvable, and F (G) = Op(G) for some prime p dividing s
2+1 by
Lemma 3.5. Let pn be the order of a Sylow p-subgroup of G, and let H be a Hall p′-subgroup
of G, which exists by Hall’s Theorem [11, Theorem 6.4.1]. Since F (G) = Op(G), F (G) is
self-centralizing, and, since H is coprime to p, by [11, Theorem 5.3.5] we have that H acts
faithfully on the Frattini quotient F (G)/Φ(F (G)), which is elementary abelian of rank at most
n. ThusH . GL(n, p) with order coprime to p, and, since |G| = pn|H|, the result follows. 
PROOF OF THEOREM 1.3. By Lemma 3.4, |G| is not divisible by 2 or 3, and by Lemma
2.4 (iii), this means s + 1 is coprime to both 2 and 3. Moreover, s2 + 1 is not squarefree by
Lemma 2.3 (iii). Of the remaining possible values of s, there must be a prime p dividing s2 + 1
such that (s2 + 1)p > 2s + 3 by Lemma 3.6, where (s
2 + 1)p denotes the highest power of p
dividing s2 + 1. Moreover, (s2 + 1)p cannot be prime by Lemma 2.3 (ii), and (s + 1)(s
2 + 1)
must divide pn ·∏n−1k=0(pn−k − 1) by Proposition 3.7. 
We next use Theorem 1.3 to rule out many possible “small” groups.
PROPOSITION 3.8. If G is a group that acts regularly on both the point set and a line set of
a thick generalized quadrangle of order s, then then s > 108 and |G| > 1024 + 1016 + 108 + 1.
PROOF. The following computation was completed in GAP [7]. Such a generalized quad-
rangle of order s must satisfy all the conditions imposed on s listed in Theorem 1.3: namely,
s + 1 is coprime to both 2 and 3; s2 + 1 is not squarefree; there is a prime p dividing s2 + 1
such that, if pn is the largest power of p dividing s2 + 1, then n > 1 and pn > 2s + 3; and
(s + 1)(s2 + 1) divides pn · ∏n−1k=0(pn−k − 1). Since no value of s less than or equal to 108
satisfies all of these conditions, the result follows. 
It would be interesting to know whether there exist any even values of s that satisfy all of
the restrictions mentioned in the statement of Theorem 1.3.
4. Generalized quadrangles of order s, s odd and s+ 1 coprime to 3, with a group of
automorphisms acting regularly on points
Let Q be a finite generalized quadrangle of order (s, s), where s > 1 is odd and s + 1 is
coprime to 3, with point set P and line set L. Let G be a group of automorphisms of Q that
acts regularly on P , and suppose that N is a nonabelian minimal normal subgroup of G. For a
distinguished point of P of Q, we define ∆ := {g ∈ G : P g ∼ P} ∪ {1}.
First, by Lemma 2.4 (iv), N ∼= Sz(q)m, where m ∈ N and q = 22e+1 for some e ∈ N. Let
N = S1S2...Sm, where each Si ∼= Sz(q), each Si is normal in N , all Si and Sj are conjugate in
G, and Si ∩ Sj = {1} for all i 6= j.
Since |G| = |P| = (s+1)(s2+1) and s2+1 ≡ 2 (mod 4), we have that the highest power
of 2 dividing |G|, which we will denote by |G|2, is 2(s + 1)2, i.e., two times the highest power
of 2 dividing s + 1. Since |Sz(q)|2 = q2 by Lemma 2.1 (i), |N |2 = q2m, and we immediately
obtain the following inequality:
(1) q2m 6 2(s+ 1).
Furthermore, by Lemma 2.4 (ii), since gcd(s, s) = s > 1, for all a ∈ G we have aG ∩∆ 6= ∅.
LEMMA 4.1. Let G be a group acting regularly on the set of points of a generalized quad-
rangle of order (s, t), where gcd(s, t) > 1. Let N = T1T2...Tk be a nonabelian minimal normal
subgroup of G, where each Ti is normal in N , has trivial intersection with the other Tj , and is
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isomorphic to the same nonabelian simple group T . If each Ti ⊆ ∆, then there exists a line ℓ
such that N 6 Gℓ.
PROOF. Assume that Ti ⊆ ∆ for each 1 6 i 6 k. By Lemma 2.4 (i) for each i there is a
(necessarily unique) line ℓi through the distinguished point P such that Ti 6 Gℓi . Let x1 ∈ T1
and x2 ∈ T2. Since x1 and x2 commute, both P x1 and P x2 are collinear with P x1x2 . This
implies that either ℓ1 = ℓ2 and T1T2 6 Gℓ1 or that no element x1x2, where neither x1 nor x2
is trivial, is in ∆. Let x = x1x2 ∈ T1T2 for some x1, x2 such that neither x1 nor x2 is trivial.
This means that xG consists of elements of the form xixj ∈ TiTj , 1 6 i, j 6 k. However, by
Lemma 2.4 (ii), xG ∩∆ 6= ∅, so there exist 1 6 ii, i2 6 k such that Ti1Ti2 6 Gℓi1 for some line
ℓi1 through P. We now proceed by induction, and assume that Tj1Tj2...Tjn 6 Gℓj1 for distinct
indices j1, ..., jn. Arguing as above, since ∆ meets every conjugacy class, there must be a set
of indices l1, ..., ln+1 such that Tl1Tl2 ...Tln+1 6 Gl1 . Hence N = T1...Tk 6 Gℓ for some line ℓ
through the point P , as desired. 
LEMMA 4.2. If G and N = S1...Sm are as above, thenm = 1 and N ∼= Sz(q) for some q.
PROOF. Applying Lemma 4.1 to our situation, if each Si ⊆ ∆, thenN 6 Gℓ for some line ℓ.
This implies thatN ⊆ ∆, and by Lemma 2.4 (v) implies that |N | divides gcd(s+1, s2−s) = 2,
a contradiction. Hence we may assume without a loss of generality that S1 ∩ ∆c 6= ∅. Let
a ∈ S1 ∩∆c. Clearly aG ∩∆c 6= ∅, so
(2) s+ 1 6 |aG|
by Lemma 2.5. On the other hand, by Lemma 2.1 (v) we have:
(3) |aG| 6 mq2(q − 1)(q +
√
2q + 1).
Combining (2) with (1) and (3), we find that q2m 6 2mq2(q − 1)(q +√2q + 1) < 2mq5, and
so q2m−5 < 2m. Hence,
2m > q2m−5 > (1 + 7)2m−5 > 1 + 7(2m− 5),
and, simplifying, we see thatm < 34
12
< 3, and som = 1 or 2.
Suppose that m = 2, so N ∼= Sz(q) × Sz(q). The group G must act transitively on the
simple direct factors of N , so 2q4 divides |G|2 and hence q4 divides (s+1)2. This improves (1)
to q4 6 s+ 1. Going back to (3) and (2), we find now that:
(4) q4 6 s+ 1 6 2q2(q − 1)(q +
√
2q + 1) < 3q4.
Let p be any odd prime dividing s + 1. Then pq4 divides s + 1, and, combined with (4), this
yields 5q4 6 pq4 6 s + 1 < 3q4, a contradiction.
Hence s + 1 must be a power of 2, and s + 1 = |G|2/2. Moreover, since q4 6 s + 1 < 3q4
by (1), s+1must be either q4 or 2q4. Since |Sz(q)| divides |G|, q−1 divides |G| by Lemma 2.1
(i). Since s+1 is a power of 2, this means that q−1 must divide s2+1. However, if s+1 = q4,
then
s2 + 1 = (q4 − 1)2 + 1 = (q − 1)(q
4 − 1)2
q − 1 + 1,
and, if s+ 1 = 2q4, then
s2 + 1 = (2q4 − 1)2 + 1 = (q − 1)4q
4(q4 − 1)
q − 1 + 2,
and so q − 1 does not divide s2 + 1 in either case, a contradiction. Therefore, m = 1, and
N ∼= Sz(q) for some q.

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LEMMA 4.3. If G is as above, then it has a unique nonabelian minimal normal subgroup
N .
PROOF. Suppose that G has two minimal normal subgroups, M and N . By Lemma 4.2,
N ∼= Sz(q) andM ∼= Sz(q′), where without a loss of generality q 6 q′.Distinct minimal normal
subgroups must commute, and so we may proceed as in the proof of Lemma 4.2: q2(q′)2/2
divides s + 1, and so q4/2 6 q2(q′)2/2 6 s + 1. Also, N ∩∆c 6= ∅ by Lemma 2.4 (v), so for
some x ∈ N , xG ∩∆c 6= ∅. Thus, by Lemma 2.5 and Lemma 2.1 (v),
s+ 1 6 |xG| 6 q2(q − 1)(q +
√
2q + 1) < 2q4.
If an odd prime p divides s + 1, then p > 5, and
s+ 1 > p(s+ 1)2 >
5q4
2
> 2q4,
a contradiction, and so no odd prime can divide s + 1. However, if s + 1 is a power of 2,
then s + 1 = |G|2/2, and, since q4 divides |G|, q4/2 divides s + 1. We know from above that
s + 1 < 2q4, so either s + 1 = q4/2 or s + 1 = q4, since s + 1 is a power of 2. Moreover, if
s + 1 is a power of 2, then, since q − 1 divides |N |, q − 1 must divide |G| and hence s2 + 1. If
s + 1 = q4, then
s2 + 1 = (q4 − 1)2 + 1 = (q − 1)(q
4 − 1)2
q − 1 + 1.
If s+ 1 = q4/2, then q − 1 divides 4(s2 + 1), and so
4(s2 + 1) = q8 − 4q4 + 8 = (q − 1)(q7 + q6 + q5 + q4 − 3q3 − 3q2 − 3q − 3) + 5,
and hence q − 1 cannot divide s2 + 1 in either case, a contradiction. Therefore, if G has a
nonabelian minimal normal subgroup, it must be unique. 
LEMMA 4.4. If G is as above, then s+ 1 cannot be a power of 2.
PROOF. We know that N ∼= Sz(q) is the unique minimal normal subgroup of G, and so q2
divides |G|2 = 2(s + 1)2, i.e., q22 divides s + 1. Let s + 1 = 2n−1q2 for some n ∈ N. Hence
s2 + 1 = 22n−2q4 − 2nq2 + 2.
Now, since (q− 1)(q2+1) divides |Sz(q)|, (q− 1)(q2+1) must divide s2 +1 = 22n−2q4−
2nq2 + 2. Now,
22n−2q4 − 2nq2 + 2 = (q2 + 1)(22n−2q2 − (22n−2 + 2n)) + (2n−1 + 1)2 + 1,
which implies that q2+1 must divide (2n−1+1)2+1, which in turn implies that q 6 2n−1+1.
Since q is a power of 2, we have q 6 2n−1.
Note also that gcd(q2 + 1, s+ 1) = 1. Let p be an odd prime dividing q +
√
2q + 1, and let
a ∈ N be an element of order p (Sylow subgroups of odd order are cyclic in Sz(q) by Lemma
2.1 (iii)). Since p does not divide s + 1, by Lemma 2.4 (vi) we have aG ∩∆c 6= ∅, and so, by
Lemma 2.5,
(5) s+ 1 6 |aG| = q2(q − 1)(q −
√
2q + 1) < q4.
Furthermore, since (q − 1)(q2 + 1) = q4−1
q+1
and
s2 + 1 = 22n−2q4 − 2nq2 + 2 = (q4 − 1)22n−2 + (22n−2 − 2nq2 + 2),
(q− 1)(q2 + 1) must divide 22n−2− 2nq2 +2. We divide into two cases, depending on whether
22n−2 − 2nq2 + 2 is nonnegative or negative.
Suppose first that 22n−2 − 2nq2 + 2 > 0. Thus 2nq2 6 22n−2 + 2, and so q2 6 2n−2 + 1
2n−1
,
and, since q is a power of 2, q2 6 2n−2. But then s+ 1 = 2n−1q2 > 2q4, contradicting (5).
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Now suppose that 22n−2 − 2nq2 + 2 < 0. Thus (q − 1)(q2 + 1) divides 2nq2 − 22n−2 − 2,
which is a positive integer. We already know that q 6 2n−1, so let 2n−1 = 2mq for somem > 0.
Substituting, we have (q − 1)(q2 + 1) divides 2m+1q3 − 22mq2 − 2. Since
2m+1q3 − 22mq2 − 2 = (q − 1)(q2 + 1)2m+1 + (2m+1 − 22m)q2 − 2m+1q + (2m+1 − 2),
(q − 1)(q2 + 1) must divide (2m+1 − 22m)q2 − 2m+1q + (2m+1 − 2), and since
(2m+1 − 22m)q2 − 2m+1q + (2m+1 − 2) = (2m+1 − 22m)(q2 + 1) + (22m − 2m+1q − 2),
q2 + 1 must divide 22m − 2m+1q − 2. We once more split into two cases, depending on the sign
of 22m − 2m+1q − 2.
If 22m − 2m+1q − 2 > 0, then 2m+1q 6 22m − 2, and so q < 2m−1. On the other hand, if
22m − 2m+1q − 2 < 0, then q2 + 1 6 2m+1q − 22m + 2, which implies that q2 6 2m+1q and
that q 6 2m+1. Moreover, if q = 2m+1 in this last case, thenm = 0, which is impossible, since
q > 8. Thus, in either case, q 6 2m. Recalling that s+ 1 = 2n−1q2 and 2n−1 = 2mq, we have
(s+ 1) = 2n−1q2 = 2mq3 > q4,
which contradicts (5). Therefore, s+ 1 cannot be a power of 2. 
In order to further determine the structure ofG, we will now examine the generalized Fitting
subgroup of the centralizer in G of N , F ∗(CG(N)) = E(CG(N))F (CG(N)). Since N is the
unique nonabelian minimal normal subgroup and the Schur multiplier of Sz(q) is either trivial
or, if q = 8, an elementary abelian group of order 4 by Lemma 2.1 (vii), E(CG(N)) 6 E(G) =
N or E(CG(N)) 6 E(G) 6 2
2 · N , and so E(CG(N)) = 1 (as in [17, Step 5]). This means
that F ∗(CG(N)) = F (CG(N)). Note further that since F (CG(N)) is characteristic in CG(N),
which is itself normal in G, F (CG(N)) ⊳ G, which implies that F (CG(N)) 6 F (G).
LEMMA 4.5. There is at most one odd prime p such that Op(G) 6= 1. Moreover, if such an
odd prime p exists, then the following hold:
(i) p divides s2 + 1;
(ii) for any nonidentity element x ∈ G, |xG| > s+ 1;
(iii) |Op(G)| > s+ 2.
PROOF. The proof of this lemma is analagous to the proof of [8, Theorem 4.2]. By Lemma
2.3 (i),Op(G) = 1 for all odd primes dividing s+1. Let p1, p2 be two odd primes dividing s
2+1,
and letN1 = Op1(G) andN2 = Op2(G). Without a loss of generality, |N1| = pα11 > pα22 = |N2|.
Note that pα22 < s + 1, since otherwise (s + 1)
2 6 |N1||N2| 6 s2 + 1, a contradiction. On the
other hand, let 1 6= x ∈ N2. Since |xG| 6 |N2|−1 < s, |xG∩∆c| < s. Since s divides |xG∩∆c|
by Lemma 2.4 (ii), this implies that xG ∩ ∆c = ∅ and xG ⊆ ∆. But then by Lemma 2.4 (vi)
p2 divides s + 1, a contradiction. Hence there is at most one odd prime p such that p divides
|F (G)|.
Let |Op(G)| = pα and 1 6= x ∈ Op(G). Since p does not divide s + 1, xG ∩ ∆c 6= ∅ by
Lemma 2.4 (vi), and so |xG| > s + 1 by Lemma 2.5. This proves (ii). Finally, 1 ∈ Op(G) by
definition and so
|Op(G)| > |1G|+ |xG| > s+ 2.

LEMMA 4.6. If |O2(G)| 6 s+ 1, then O2(G) . C2, the cyclic group of order 2.
PROOF. By assumption, |O2(G)| 6 s + 1. In particular, this implies that for each x ∈
O2(G), |xG| < s. This means that xG ⊆ ∆ by Lemma 2.4 (ii), which in turn implies that
O2(G) ⊆ ∆.However, by Lemma 2.4 (v), this means that |O2(G)| divides gcd(s+1, s2−s) = 2.
Therefore, O2(G) . C2, as desired. 
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LEMMA 4.7. The Fitting subgroup F (CG(N)) . C2.
PROOF. Let p be an odd prime that divides |F (CG(N))|, and let Op(CG(N)) = Q. Since
Q is characteristic in F (CG(N)), Q ⊳ G. Let x ∈ Q, x 6= 1. By Lemma 4.5 (i), we have
p | (s2 + 1), and so xG ∩∆c 6= ∅ by Lemma 2.4 (vi). Thus, by Lemma 2.5,
|Q| > |1G|+ |xG| > s+ 2.
On the other hand, since gcd(s + 1, s2 − s) = 2, by Lemma 2.4 (v) we know that N is not
contained entirely in∆, and so for some a ∈ N , aG ∩∆c 6= ∅, and hence, by Lemma 2.5,
|N | > |1G|+ |aG| > s+ 2.
Let 1 6= x ∈ Z(Q). Then |CG(x)| > |Q||N | > (s+ 2)(s+ 2). Hence, we have:
|xG| = |G||CG(x)| 6
(s+ 1)(s2 + 1)
(s+ 2)(s+ 2)
< s.
However, this implies that xG ⊆ ∆ by Lemma 2.4 (ii), and by Lemma 2.4 (vi) we have that p
divides s+ 1, a contradiction. Therefore, F (CG(N)) = O2(CG(N)) 6 O2(G).
Finally, we know that |O2(G)| 6 2(s + 1)2. By Lemma 4.4, s + 1 cannot be a power of 2,
so there is an odd prime r that divides s+ 1. This implies that
|O2(G)| 6 2(s+ 1)2 < r(s+ 1)2 6 s+ 1.
By Lemma 4.6, we have O2(G) . C2, and so F (CG(N)) . C2, as desired. 
THEOREM 4.8. Let s > 1 be an odd integer such that s + 1 is coprime to 3. If G acts
regularly on the point set of a generalized quadrangle of order s, then G has no nonabelian
minimal normal subgroups.
PROOF. By Lemma 4.7, F ∗(CG(N)) = F (CG(N)) . C2. The generalized Fitting sub-
group is normal in CG(N) and self-centralizing; however, this is only possible if CG(N) . C2
itself.
First, suppose that CG(N) ∼= C2. Note that G/(NCG(N)) . Out(Sz(q)) ∼= C2e+1, where
q = 22e+1 (see Lemma 2.1 (viii)). As in the proof of [17, Step 5], this means that:
|G| 6 2(2e+ 1)|Sz(q)| < 2q6.
On the other hand, 2q2 divides |G|2 = 2(s + 1)2, so q2 divides (s + 1)2. By Lemma 4.4, s + 1
is not a power of 2, so 5q2 6 s+ 1. But then:
|G| = (s+ 1)(s2 + 1) > 5q2((5q2 − 1)2 + 1) > 124q6,
a contradiction.
Now suppose that CG(N) = 1. Then G/N . Out(Sz(q)) ∼= C2e+1. Arguing as above, this
implies that
|G| 6 (2e+ 1)|Sz(q)| < q6.
On the other hand, q2 divides |G|2 = 2(s+ 1)2, and so, again proceeding as above, since s+ 1
is not a power of 2 and 3 ∤ (s+1), this implies that 5q
2
2
6 s+1, which would in turn imply that
|G| > 6q6, a contradiction. Therefore, if G acts regularly on the points of such a generalized
quadrangle of order (s, s), then G does not have a nonabelian minimal normal subgroup. 
We will now assume, like above, that s is odd, 3 does not divide s+ 1, and G acts regularly
on the set of points of a generalized quadrangle of order (s, s). We proved above that such a
G cannot have a nonabelian minimal normal subgroup, and the following lemma summarizes
what can be said in the case that G is not solvable.
LEMMA 4.9. If G is not solvable, then F ∗(G) . Op(G) × C2, where p is an odd prime
dividing s2 + 1 and for any 1 6= x ∈ Op(G), |xG| > s+ 1.
POINT REGULAR GENERALIZED QUADRANGLES 13
PROOF. If such a group G exists, then every minimal normal subgroup of G is abelian by
Theorem 4.8, and so F ∗(G) = F (G). By Lemma 4.5, there is at most one odd prime p for
which Op(G) 6= 1, and, if such a p exists, then p divides s2 + 1 and |xG| > s + 1 for all
nonidentity elements x ∈ Op(G). Thus F ∗(G) . Op(G)×O2(G), and it only remains to show
that O2(G) ∼= C2.
Suppose that |O2(G)| > s + 1. Since |O2(G)| 6 |G|2 = 2(s + 1)2, this would require that
s+1 is a power of 2, in which case |O2(G)| = 2(s+1), and then O2(G) is a Sylow 2-subgroup
of G. Thus G/O2(G) has odd order and is solvable. Since both O2(G) and G/O2(G) are
solvable, so is G, contrary to our hypotheses. Therefore, if G is not solvable, |O2(G)| 6 s+ 1,
which means O2(G) . C2 by Lemma 4.6, completing the proof. 
We remark that, since gcd(s + 1, s2 − s) = 2, by Lemma 2.4 (v), if F ∗(G) has even order,
then Z(G) ∼= C2. Otherwise, F ∗(G) ∼= Op(G) and Z(G) = 1.
It would be interesting to rule out entirely groups acting regularly on the point set of a
generalized quadrangle of order s, where s is odd and s + 1 is coprime to 3, in the same way
that Yoshiara ruled out such groups when s = t2. A somewhat minor difference is that we
cannot rule out the possibility that O2(G) 6= 1. A more substantial difference here is that, since
|P| = |L|, we cannot guarantee that any lines are fixed by the elements of odd order of G,
which is crucial step in Yoshiara’s proof (see [17, Step 7, Final step]).
5. Generalized quadrangles of order (u2, u3) with a group of automorphisms acting
regularly on points
Throughout this section, let Q be a generalized quadrangle of order (u2, u3), u > 1, with
point set P and line set L. Let G be a group of automorphisms of Q that acts regularly on P.
Note that in this case |G| = |P| = (u2 + 1)(u5 + 1).
LEMMA 5.1. If G is as above, then 3 does not divide u+ 1.
PROOF. Suppose that u ≡ −1 (mod 3). This means that u5 + 1 ≡ 0 (mod 3), and so 3
divides |G|. However, by Lemma 2.4 (iii), this implies that 3 divides u2 + 1. However, 3 never
divides u2 + 1 for any integer u, a contradiction. Hence no group of automorphisms can act
regularly on P in this instance. 
Assume henceforth that 3 does not divide u+1. Note that if u is even, then |G| is odd, and so
G would be solvable. We thus assume that u is odd. Suppose that G has a nonabelian minimal
normal subgroup N . Since 3 does not divide |G|, by Lemma 2.4 (iv), we have N ∼= Sz(q)m for
some m > 1 and q = 22e+1 > 8. Let N = S1S2...Sm, where each Si (i) is normal in N , (ii) is
conjugate in G to and has trivial intersection with all other Sj , and (iii) is isomorphic to Sz(q).
First, u2 + 1 ≡ 2 (mod 4), so |G|2 = 2(u5 + 1)2. Moreover, u5 + 1 = (u + 1)(u4 − u3 +
u2 − u+ 1), and u4 − u3 + u2 − u+ 1 is odd, so |G|2 = 2(u+ 1)2. Hence, by Lemma 2.1 (i),
(6) |N |2 = q2m 6 2(u+ 1)2 6 2(u+ 1).
Let x be an element of S1 of order 4. If x
G ⊆ ∆, then by Lemma 2.4 (vi), 4 would divide u2+1,
a contradiction. Hence xG ∩∆c 6= ∅, and by Lemma 2.5, this means |xG| > u2 + 1. Since the
order of the centralizer of an element of order 4 in Sz(q) is 2q by Lemma 2.1 (vi), we have:
(7) u2 + 1 6 |xG| = 1
2
mq(q − 1)(q2 + 1) < 1
2
mq4.
LEMMA 5.2. If such a G and N exist, thenm = 1 and N ∼= Sz(q).
PROOF. From (6) and (7), we have(
q2m
2
− 1
)2
+ 1 6 u2 + 1 <
1
2
mq4.
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Simplifying, this yields q4m < 2mq4 + 4q2m. Ifm > 2, this means that
q4m < 2mq4 + 4q2m 6 2mq2m + 4q2m 6 (2m+ 4)q2m,
and so:
2m+ 4 > q2m > (1 + 7)2m > 1 + 7(2m),
which simplifies tom < 1
4
, a contradiction. Therefore, m = 1, and N ∼= Sz(q) for some q.

LEMMA 5.3. If such a G and such an N as above exist, then u+ 1 cannot be a power of 2.
PROOF. Suppose that u+1 is a power of 2. First, note that (6) becomes q2 6 2(u+1)when
m = 1, which implies that q4 6 4(u + 1)2. Note also that (7) becomes 2(u2 + 1) < q4 when
m = 1. Putting these together, we see that:
(u+ 1)2 < 2(u2 + 1) < q4 6 4(u+ 1)2,
which implies that (u + 1) < q2 6 2(u + 1). Since u + 1 is a power of 2 by assumption, this
means that q2 = 2(u+1). Hence q2+1 = 2u+3. Since q2+1 divides |N |, q2+1 divides |G|.
Since q2 + 1 divides |G| and q2 + 1 = 2u+ 3 and is odd, 2u+ 3 must divide
|G|
u+ 1
=
(u2 + 1)(u5 + 1)
u+ 1
= (u2+1)(u4−u3+u2−u+1) = u6−u5+2u4−2u3+2u2−u+1.
On the other hand,
64(u6−u5+2u4−2u3+2u2−u+1) = (2u+3)(32u5−80u4+184u3−340u2+574u−893)+2743,
so 2u+ 3 must divide 2743 = 13 · 211. This means that 2u + 3 is one of 13, 211, 2743, which
means that u+1 is one of 6, 105, 1371, none of which is a power of 2, a contradiction. Therefore,
u+ 1 cannot be a power of 2.

THEOREM 5.4. If G acts regularly on the set of points of a generalized quadrangle of order
(u2, u3), then G cannot have a nonabelian minimal normal subgroup.
PROOF. By Lemmas 5.1, 5.2, and 5.3, 3 does not divide u + 1, u + 1 is not a power of 2,
and N ∼= Sz(q) for some q = 22e+1. Let r be an odd prime dividing u + 1. Then, noting that
m = 1, from (6) we have
q2 = |N |2 6 |G|2 = 2(u+ 1)2 < r(u+ 1)2 6 u+ 1,
which implies that q4 6 u2 + 2u+ 1. On the other hand, again noting thatm = 1, from (7) we
have:
u2 + 1 <
1
2
q4.
Putting these together, we see that 2u2 + 2 < u2 + 2u+ 1, which simplifies to (u− 1)2 < 0, a
contradiction. Therefore, no such N can exist, and such a G cannot have a nonabelian minimal
normal subgroup. 
Note that Theorem 1.5 follows immediately from Theorems 4.8 and 5.4.
We will now assume, like above, that u is odd, 3 does not divide u+1, and G acts regularly
on the set of points of a generalized quadrangle of order (u2, u3).We proved above that such a
G cannot have a nonabelian minimal normal subgroup, and the following lemma summarizes
what can be said in the case that G is not solvable.
LEMMA 5.5. If G is not solvable, then F ∗(G) . Op(G) × C2, where p is an odd prime
dividing u4 − u3 + u2 − u+ 1 and for any 1 6= x ∈ Op(G), |xG| > u2 + 1.
PROOF. The proof proceeds similarly to those in Section 4. Assume that G is not solvable.
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(Step 1) If there is a normal subgroup N of G such that N ⊆ ∆, then |N | divides gcd(u2 +
1, (u3)2 − u3) = 2.
This follows from Lemma 2.4 (v).
(Step 2) If p is an odd prime and Op(G) is nontrivial, then p divides u
4 − u3 + u2 − u+ 1 and
|Op(G)| > u2 + 2.
Let p be an odd prime such that Op(G) is nontrivial. By (Step 1), Op(G) cannot be
entirely contained in ∆. This means that there is x ∈ Op(G) such that x ∈ ∆c, and so
by Lemma 2.5, |xG| > u2 + 1. Thus
|Op(G)| > |1G|+ |xG| > u2 + 2.
Since gcd(u2 + 1, u5 + 1) = 2 and |Op(G)| > u2 + 1, we have that p divides u5 + 1.
Moreover, since gcd(u + 1, u4 − u3 + u2 − u + 1) = 1, we have that p divides u4 −
u3 + u2 − u+ 1.
(Step 3) There is at most one odd prime p such that Op(G) is nontrivial.
Assume that Op1(G) and Op2(G) are nontrivial for distinct odd primes p1 and p2. By
(Step 2), both p1 and p2 divide u
4 − u3 + u2 − u+ 1 and both |Op1(G)|, |Op2(G)| are
at least u2 + 2. However, since p1 and p2 are distinct,
u4 − u3 + u2 − u+ 1 > |Op1(G)||Op2(G)| > (u2 + 2)2,
which simplifies to (u+ 3)(u2 + 1) 6 0, a contradiction.
(Step 4) O2(G) . C2
Since |O2(G)| 6 |G|2 = 2(u + 1)2, |O2(G)| 6 2(u+ 1) < u2 + 1, and so |xG| < u2
for all x ∈ O2(G). By Lemma 2.4 (ii), this means xG ⊆ ∆, and so O2(G) ⊆ ∆. The
result follows from (Step 1).
(Step 5) F ∗(G) . Op(G)× C2, where p is an odd prime dividing u4 − u3 + u2 − u+ 1
By Theorem 5.4,G has no nonabelian minimal normal subgroups, and hence F ∗(G) =
F (G). This now follows from (Step 3) and (Step 4).
(Step 6) For all nonidentity elements of Op(G), |xG| > u2 + 1.
Let x ∈ Op(G), x 6= 1. Since p ∤ u2 + 1, by Lemma 2.4 (vi) we know that xG is not
contained in∆. The result follows from Lemma 2.5.

We remark that, much as in the case when s = t in Section 4, it would be nice to rule out
the case when (s, t) = (u2, u3) entirely. While we can guarantee here that for every odd prime
r dividing u2+1, there are at least two lines stabilized by a nontrivial r-subgroupR, we cannot
guarantee that exactly two lines are stabilized by R, which was the conclusion of [17, Step 7].
(Yoshiara used [13, 1.2.4], which is a result specific to generalized quadrangles with s = t2.)
Moreover, even if we know that exactly two lines are stabilized by R (which would force R to
act coprimely on Op(G) as in [17, Final step]), we have that
u4 − u3 + u2 − u+ 1 ≡ 1 (mod u2 + 1),
and so such an r-subgroup could in theory act coprimely on Op(G).
ACKNOWLEDGEMENTS. The author would like to thank John Bamberg and Cai-Heng Li for
many interesting conversations on this topic as well as feedback on drafts of this manuscript,
and the author would also like to thank the anonymous referees for many excellent suggestions
that greatly improved the readability of this paper. This work was initially started when the
author was employed at the University of Western Australia, and the author acknowledges the
support of the Australian Research Council Discovery Grant DP120101336 during his time
there.
16 ERIC SWARTZ
6. References
References
[1] M. Aschbacher.Finite Group Theory, volume 10 ofCambridge Studies in AdvancedMathematics. Cambridge
University Press, Cambridge, second edition, 2000.
[2] J. Bamberg and M. Giudici. Point regular groups of automorphisms of generalised quadrangles. J. Combin.
Theory Ser. A, 118:1114–1128, 2011.
[3] J. Bamberg, S.P. Glasby, and E. Swartz. As-configurations and skew-translation generalised quadrangles. J.
Algebra, 421:311–330, 2015.
[4] S. De Winter and K. Thas. Generalized quadrangles with an abelian Singer group. Des. Codes Cryptogr.,
39(1):81–87, 2006.
[5] S. De Winter and K. Thas. Generalized quadrangles admitting a sharply transitive Heisenberg group. Des.
Codes Cryptogr., 47(1-3):237–242, 2008.
[6] X.G. Fang. Construction and classification of some families of almost simple 2-arc transitive graphs. PhD
thesis, The University of Western Australia, 1995.
[7] The GAP Group. GAP – Groups, Algorithms, and Programming, Version 4.9.2, 2018.
[8] D. Ghinelli. Regular groups on generalized quadrangles and nonabelian difference sets with multiplier -1.
Geom. Dedicata, 41:165–174, 1992.
[9] Dina Ghinelli. Characterization of some 4-gonal configurations of Ahrens-Szekeres type. European J. Com-
bin., 33(7):1557–1573, 2012.
[10] G. Glauberman. Factorizations in local subgroups of finite groups. American Mathematical Society, Provi-
dence, R.I., 1977. Regional Conference Series in Mathematics, No. 33.
[11] Daniel Gorenstein. Finite groups. Chelsea Publishing Co., New York, second edition, 1980.
[12] B. Huppert and N. Blackburn. Finite Groups III. Springer, 1982.
[13] S.E. Payne and J.A. Thas. Finite Generalized Quadrangles. European Mathematical Society, 2009.
[14] M. Suzuki. On a class of doubly transitive groups. Ann. of Math., 75(1):105–145, 1962.
[15] E. Swartz. The locally 2-arc transitive graphs admitting an almost simple group of Suzuki type. J. Combin.
Theory Ser. A, 119:949–976, 2012.
[16] R.A. Wilson. The Finite Simple Groups. Springer, 2009.
[17] S. Yoshiara. A generalized quadrangle with an automorphism group acting regularly on the points. Europ. J.
Combin., 28:653–664, 2007.
DEPARTMENT OF MATHEMATICS, COLLEGE OF WILLIAM AND MARY, P.O. BOX 8795, WILLIAMSBURG,
VA 23187-8795
E-mail address: easwartz@wm.edu
